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Abstract 
In the article the simple torsion problem of an elastic prismatic bar is presented in the isoperimetric form. It proves that equal 
sections with a convex contour have a geometrical rigidity of torsion depending only on one parameter – the form factor. The 
main isoperimetric properties of the form factor are stated and on their basis isoperimetric properties of the given geometrical 
rigidity of torsion are formulated. Elliptic sections, rectangular, and triangular sections in the form of the regular figures are 
considered. For these subsets of plates, the approximating functions satisfying known decisions for the corresponding forms of 
sections with an accuracy of 2%, are constructed. 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction  
Development of analytical methods for solving the problem of cores torsion of non-circular cross section is one 
of the most important problems of construction mechanics. The cores, which perceive torsion deformations, are 
widespread in mechanical engineering and, in particular in an avia- and shipbuilding. Despite the century path 
passed by the scientists who were actively dealing with this problem, there are a few exact solutions of the task. For 
cores of a complicate types generally approximate methods (variation and numerical) are used. In the last decades, 
the final element method is very effectively used.  
For the first time it was proposed to solve the torsion problem of prismatic cores of non-circular cross section in 
movements by Sen-Venan [1]. He assumed that u and v shifts in the section plane are defined by the same 
relationships, as that for a core of round section, and using the Lame’s general equations, consolidated the solution 
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of a problem to the movement definition of w in the twisted core. Only half a century later, in 1948 G. Polia 
confirmed Sen-Venan's conclusion and provided the strict proof of the theorem asserting, that from all prismatic 
cores with equal section the core with round section has the greatest rigidity [2]. 
A large number of works was devoted to the research of problems of torsion by experimental methods with the 
use of membrane analogy. For example, it is possible to note G. Trauer and H. Markh's work [3]. Piotr Gorzelaczyk 
and Jan A. Koáodziej [4] carried out numerical experiments related with the elastic torsion of prismatic rods. 
Many scientists in Russia and the Soviet Union were also engaged in the solution of this problem. It is necessary 
to outline N.I. Muskhelishvili [5], N.H. Arutyunyan and B.L. Abramyan [6], A.D. Chernyshov [7], E.V. Lomakin 
[8], L.M. Zubov [9] and others. 
2. Representing a torsion problem in isoperimetric form  
At the research of the strain-stress state of twisted cores, it is necessary to define geometrical torsion rigidity Ik. In 
the present article the isoperimetric method, theoretical foundation of which was laid in the monograph [10], is 
applied for a calculation of mentioned parameter. 
In the work [10], geometrical torsion rigidity Ik for any cross section is presented by a ratio 
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Here f (x, y) is sufficiently smooth function (stress function – the Prandtl function) which satisfies an equality 
condition to zero on a contour and to an inequality 0 d f d 1; the integral in a denominator is called the Dirichlet 
integral. 
We use the modified Rayleigh - Ritz method and transform expression (1), having replaced its two-parametrical 
single tension function of f(x, y) with one-parametrical function g (ȡ) which level lines are similar to a contour of 
section and  are located: 
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where U = t/r (M) is dimensionless polar coordinate; t and M are polar coordinates; r(M) - the section contour 
equation. We substitute function (2) in expression (1) and carry out necessary transformations of numerator and a 
denominator separately. 
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The Dirichlet integral can be represented in polar coordinates: 
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Find derivative of function f (t, ĳ): 
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Substitute these derivatives in the Dirikhlet integral: 
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f 1min  is the coefficient of a section form. Detailed researches of its properties are given in 
monographs [8, 9].  
Finally, 
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Substituting expressions (4) and (8) in (1), we obtain: 
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The sense of inequality is because of the using the Rayleigh - Ritz variation method. The second fraction in this 
expression represents the number depending on the accuracy of the Prandtl function choice. This fraction can be 
attributed to the ɄI proportionality factor. Then 
fIk KAɄI /
2t .  (10) 
In this expression the coefficient of proportionality ɄI depends on the section form (triangular, rectangular, 
trapezoid, etc.), or type of geometrical transformation. In other words, this coefficient is function. Therefore, instead 
of expression (10) it is reasonable to use inequalities [11] 
n
fIk KAɄI /
2t ,   or    ,/2 fIk KBɄAI t    or    ,)(2 fIk KfBɄAI ut  (11) 
where there are two unknown parameters. If some subset of the sections united by one continuous or discrete 
geometrical transformation is considered and in that transformation there are two sections with known decisions 
(«reference» solutions) then unknown parameters in (11) expressions can be found.  
Henceforth it is more advantageous to define the normalized geometrical rigidity of section ik = :2ȺI k  
n
fIk KɄi /t ,   or   ,/I fk KBɄi t    or   ).(I fk KfBɄi ut  (12) 
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Since the form factor has isoperimetric properties, normalized geometrical rigidity of torsion ik has the same 
properties. 
Expression (9) shows that for any sections the geometrical rigidity of torsion Ik depends only on Ʉf, therefore it 
can be considered as geometrical analogue of ik. That is it; all isoperimetric properties of the form factor are 
associated to the geometrical rigidity of sections. 
3. Main isoperimetric properties of the form factor  
Detailed researches of properties of the form factor of various geometrical figures, as it was already noted, are 
given in monographs [11, 12]. Here we present the main properties, that are necessary for understanding of the 
present article content: 
1. Kf  is the dimensionless quantity that does not depend on the figures scale. 
2. Kf  gives a quantitative assessment to the form of geometrical figures with a convex contour and can serve as 
criterion for an assessment of their «correctness» (symmetry): than less Kf, the figure is more «correct». 
3. Any figure with a convex contour has in area such only point «a» (the center of the polar coordinate system) 
which provides the minimum value to the form factor (Ʉf = min Kfa). 
4. For the figures that have the center of symmetry a point «a», which provides min Kfɚ, concurs with this center; 
for the figures having one symmetry axis the point «a» lies on this axis. 
5. The form factor possesses following isoperimetric properties: 
x from all set of convex figures a circle has the smallest value Kf  = 2S;  
x from all set of quadrangles a square has the smallest value Kf  = 8; 
x from all set of triangles an equilateral triangle has the smallest value Kf = 10,392; 
x from all set of n-gons the regular n-square has the smallest value Kf; 
x from two regular n-gons the smaller value Kf corresponds to one of them with  the bigger number of the sides; 
all set of Kf  values for figures with a convex contour presented in the form of R/U  parameter function (R is a 
maximum of radiuses of the circles entered in a figure; r is a minimum of the radiuses spun round it), it is limited 
from above by Kf values for polygons which all sides contact an inscribed circle (including the regular n-gons and 
isosceles triangles), and from below by Kf  values for ellipses; 
all set of Kf values for quadrangular and triangular figures presented in the form of R/U parameter function is 
limited from above by Kf values for polygons which all sides contact an inscribed circle (including the regular n-
squares and isosceles triangles), and from below by Kf  values for rectangles. 
Two last properties about bilateral limitation of form factor values for all set of figures with a convex contour are 
most important in the development of an isoperimetric method of the two-dimensional tasks solution of the theory of 
elasticity and mathematical physics. Graphically these properties are presented in the fig.1 (a), where on abscissa 
axis R/U relation is plotted (R is a maximum of radiuses of the circles entered in a figure; r is a minimum of the 
radiuses spun round it). In the fig.1 (a) the I curve describes all figures in the form of polygons (including regular 
polygons), which all sides contact an inscribed circle. Points 0, 8, 6, 5, 4, 3 correspond to the values of the form 
factor for a circle Kf0 and the regular figures (an octagon - Kf8, a hexagon - Kf6, a pentagon - Kf5, a square - Kf4, an 
equilateral triangle - Kf3). The II curve corresponds to the values of the form factor for any triangles (including 
isosceles triangles); the III curve corresponds for ellipses; the IV curve does the same for rectangles. 
4. Isoperimetric properties of the normalized geometrical rigidity of sections  
Using isoperimetric properties of the form factor, we formulate the main properties of the normalized geometrical 
rigidity of sections: 
x from all set of sections with a convex contour a circle has the greatest ik value;  
x from all set of sections in the form of a convex quadrangle a square section has the smallest ik value; 
x from all set of sections in the form of a triangle a section in the form of an equilateral triangle the smallest ik 
value; 
x from all set of sections in the form of a convex n-gon a section in the form of the regular n-gon has the smallest ik 
value; 
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x from two sections in the form of the regular n-gons a section with the bigger number of the sides has the smaller 
ik value;   
x all set of ik values for sections with a convex contour, presented in coordinate ik – Kf  axes, is limited from below 
by ik values for polygons, which all sides contact an inscribed circle (including sections in the form of the regular 
n-gons and isosceles triangles), and from above by ik values for sections in the form of ellipses;  
x all set of values for sections in the form of convex quadrangles and triangles is limited from above by ik values 
for sections in the form of a rectangle.  
Two last properties of bilateral values limitation of the given geometrical rigidity for all set of figures with a 
convex contour are represented in the fig.1 (b), where on abscissa axis the form factor is postponed. In the fig.1 (b) 
the I curve describes ik values for sections in the form of polygons (including regular), which all parties contact an 
inscribed circle. Points 0, 8, 6, 5, 4, 3 correspond to ik values for a circle to ik0 and sections in the form of the regular 
figures (ik8 for an octagon, ik6 for a hexagon, ik5 for a pentagon, ik4 for a square, ik3 for an equilateral triangle). The II 
curve corresponds to ik values for sections in the form of any triangles (including isosceles); the III curve 
corresponds to ik values for sections in the form of an ellipse; the IV curve corresponds to ik values for sections in 
the form of a rectangle. Curves and lines I, II, III and IV are constructed on the received below formulas (24), (23), 
(17), and (22). 
 
Fig. 1. Graphs (a) Ʉf – R/U and (b) iɤ – 1/Kf 
5. Determination of normalized geometrical torsion rigidity for various sections  
Consider elliptic section and accept  
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where a and b are semi-axes of an ellipse, g(U) = 0 is on a contour. Level lines of this function coincide with level lines 
of true tension function [10], therefore the received decision has to be exact. By substituting the function in the 
expression (9) and carrying out necessary transformations, we obtain: 
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Substituting this expression in the formula for an ellipse form factor [11], we find: 
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The obtained result corresponds to the known exact decision [13]. Thus, the inequality (10) turn into an equality 
for elliptic sections, that is this equality is the lower bound of geometrical rigidity for all set of sections with a 
convex contour. The greatest value of the normalized geometrical rigidity of sections has round section: iɤ = 1/(2S). 
We consider rectangular section. Setting the stress function in the form of a double trigonometrical row, which 
satisfying on a contour to zero, in the work [10] the decision is received: 
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If in this expression we accept k = A  = 1, then we obtain: 
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where  abbaK f  4  for rectangle [11]. Since the rejected members of a row give a positive contribution to Ik,  
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These expressions for square section give an error of 5,33%, the same error for the extended rectangles is much 
higher. Therefore, it is possible to make the amendment to the presented decision, having turned these inequalities 
into equalities for a square. Thus, 
f
k K
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In line 2 of table 1 the results of the normalized geometrical torsion rigidity iɤ determination specified in the 
reference book [14] are presented. In line 3 Ʉf value and its inverse values are provided. Comparisons of data in 
lines 2 and 3 are confirmed an inequality (10). Their difference monotonously accrues with the increase of a/b 
relation. The introduction of correction coefficient 1.1248 significantly reduces a difference of the considered data 
(lines 2, 5, 6), however, it remains big for extended enough rectangles. We offer approximate linear relationship 
,Ʉ,,i fɤ 0765910060270    (22) 
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the results of which given in line 7. These results differ from reference data (lines 2, 7, 8) within two percent for the 
rectangular sections satisfying a condition 1 d ɚ/b d 8. 
Table 1. Geometrical rigidity analysis of rectangular sections torsion 
ʋ Section  
parameters  
Values of geometrical characteristics of section 
1 a/b (a t b) 1,0 1,2 1,4 1,6 1,8 2,0 2,5 3,0 
2 [ik] 0,1406 0,1384 0,1335 0,1273 0,1208 0,1144 0,0998 0,0878 
3 Kf / Kf-1 8 
0,125 
8,1333 
0,1230 
8,4571 
0,1182 
8,9 
0,1124 
9,4222 
0,1061 
10 
0,1 
11,6 
0,0862 
13,3333 
0,075 
4 Difference, % 11,1 11,1 11,5 11,7 12,2 12,6 13,6 14,5 
5 1,1248uKf  -1 0,1406 0,1384 0,1330 0,1264 0,1193 0,1125 0,0970 0,0844 
6 Difference, % 0 0 0,37 0,71 1,24 1,66 2,81 3,87 
7 ik according to 
(22)   
0,1406 0,1384 0,1333 0,1270 0,1203 0,1137 0,0988 0,0868 
8 Difference, % 0 0 0,15 0,24 0,41 0,61 1,00 1,14 
1 a/b (a t b) 3,5 4,0 4,5 5,0 6,0 7,0 8,0 10 
2 [ik] 0,0781 0,0702 0,0637 0,0583 0,0497 0,0434 0,0384 0,0312 
3 Kf / Kf  -1 15,1429 
0,0660 
17 
0,0588 
18,8889 
0,0529 
20,8 
0,0481 
24,6667 
0,0405 
28,5714 
0,035 
32,5 
0,0308 
40,4 
0,0248 
4 Difference, % 15,5 16,3 16,9 17,5 18,5 19,3 19,8 20,8 
5 1,1248uKf  -1 0,0742 0,0661 0,0595 0,0541 0,0456 0,0394 0,0346 0,0278 
6 Difference, % 4,99 5,84 6,59 7,20 8,25 9,22 9,90 10,90 
7 ik according to 
(22)   
0,0771 0,0694 0,0630 0,0578 0,0497 0,0437 0,0393 0,0327 
8 Difference, % 1,28 1,14 1,10 0,86 0 0,69 2,08 4,81 
 
Consider sections in the form of isosceles triangles. Comparison of the results, obtained by inequality (10), 
presents an error from 16% to 22% (lines 2, 3, 4 of table 2) with known solutions [6] (line 2 of table 2). We 
introduce correction coefficient 1.2, which satisfies to torsion problem solution of an equilateral triangle, then error 
significantly decreases and ranges from 0 to 6 % (lines 2, 5, 6 of table 2). We offered a formula 
f
ɤ Ʉ,,
i
7462090330
1

 ,  (23) 
which gives an error in the wide range of sections in the form of isosceles triangles within 2% (see lines 2, 7, 8 of 
table 2). In the fig. 1 (b) this relation is represented as a curve 3. The fact that the curve (23) unites all set of sections 
in the form of isosceles triangles, including acute and obtuse triangles, is remarkable. 
We consider sections in the form of regular polygons and a circle. Comparison of the results, obtained by 
inequality (10), gives an error about 17% (lines 2, 3, 4 of table 3) with known solutions [14] (line 2 of table 3). We 
offer formula 
2
2117502542031140
ff
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,
Ʉ
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which gives an error within 1% (columns 2, 5 and 6). 
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Table 2. Analysis of geometrical torsion rigidity of sections in the form of isosceles triangles 
ʋ 
ɩ/ɩ 
Section parameters Values of geometrical characteristics of section 
1 Vertex angle, degrees 170 160 150 140 130 120 110 100 
2 [ik] 0,0140 0,0277 0,0411 0,0540 0,0661 0,0773 0,0876 0,0966 
3 Kf / Kf  -1 91,790 
0,0109 
46,072 
0,0217 
30,919 
0,0323 
23,413 
0,0427 
18,975 
0,0527  
16,083 
0,0622 
14,087 
0,0710 
12,668 
0,0789 
4 Difference, % 22,1 21,7 21,4 20,9 20,3 19,5 18,9 18,3 
5 1,2uKf  -1 0,0131 0,0260 0,0388 0,0512 0,0632 0,0746 0,0853 0,0947 
6 Difference, % 6,43 6,14  5,60 5,19 4,39 3,49 2,63 1,97 
7 ik according to (23)   0,0144 0,0283 0,0405 0,0544 0,0664 0,0775 0,0876 0,0966 
8 Difference, % 2,86 2,17 1,45 0,74 0,45 0,26 0 0 
1 Vertex angle, degrees 90 80 70 60 50 40 30 20 
2 [ik] 0,1042 0,1101 0,1140 0,1155 0,1138 0,1079 0,0965 0,0774 
3 Kf / Kf  -1 11,657 
0,0858 
10,9615 
0,0912 
10,5402 
0,0949 
10,3923 
0,0962 
10,5678 
0,0946 
11,2075 
0,0892 
12,677 
0,0789 
16,109 
0,0621 
4 Difference, % 17,7 17,2 16,8 16,7 16,9 17,3 18,2 19,8 
5 1,2uKf  -1 0,1030 0,1094 0,1139 0,1154 0,1135 0,1070 0,0947 0,0745 
6 Difference, % 1,14 0,64 0,09 0,09 0,26 0,83 1,86 3,75 
7 ik according to (23)   0,1141 0,1101 0,1140 0,1155 0,1138 0,1079 0,0965 0,0774 
8 Difference, % 0,10 0 0 0 0 0 0 0 
Table 3. Sections in the form of regular figures 
Sections in the form of regular 
figures 
[ik] Kf / Kf  -1 ', 
% 
ik 
according to (24) 
', 
% 
1 2 3 4 5 6 
Circle 0,1592 6,2832/0,1592 0 0,1592 0 
Octagon 0,1574 6,6274/0,1509 4,13 0,1558 1,02 
Hexagon 0,1533 6,92820/0,1443 5,87 0,1526 0,47 
Square 0,1406 8/0,125 11,10 0,1406 0 
Triangle 0,1155 10,3923/0,0962 16,71 0,1155 0 
6. Conclusions  
1. The normalized geometrical rigidity of sections torsion depends only on one parameter - area form factor. 
2. On the basis of isoperimetric properties of the form factor, isoperimetric properties of the normalized 
geometrical rigidity are formulated. 
3. All a set of values of the normalized geometrical rigidity of sections with a convex contour is limited from two 
sides: elliptic sections give the lower bound, and sections in the form of the regular figures and isosceles 
triangles give the top bound; for quadrangular sections the lower bound is formed by rectangular sections. 
4. For the mentioned borders, the approximating functions satisfying to known decisions with a measurement 
error to 2% are constructed. 
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